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expressions for the characteristic impedances presented in this

paper are believed to be accurate enough for practicaf purposes,

are all in closed form, and are easily manipulated. Wheeler [8]

gives a more accurate and useful analysis, but his results are more

complicated. Other good work (such as [9]) exists, but their

results are also more complicated. The attenuation constant

formula given here is only approximately correct, and may be of

value for a quick estimation, and it happens often that experi-

mental values of the attenuation constant show a marked devi-

ation from theoretical values!
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Impedance of an Elliptic Conductor Arbitrarily

Located Between Ground Planes Filled with Two

Dielectric Media

K. V. SESHAGIRI RAO, MEMBER,IEEE, AND B. N. DAS

Msrract — This paper presents a method of detersaining the characteris-

tic impedance of an ellipse arbitrarily located between parallel conducting

planes when the region hetsveen the planes is filled with two different

dielectric media. The same generalized formulation is then extended to the

case when one of the ground planes is moved to infinity. The impedance

data for various locations of the dielectric interface with respect to the

conductor of elliptic and circular cross sections are presented. The results

of some of the special cases are compared with those available in the

literature [2].

I. INTRODUCTION

The method of analysis of transmission-line properties of

parallel strips separated by a dielectric was carried out by Wheeler

in 1965 [1]. He has also analyzed the properties of a round wire in

a cylindrical shield of polygonal cross section [2]. Later studies

were made on an offset stnpline and microstnpline using planar

strip when the line is filled with two dielectric media [3]. The

analysis of transmission line for the case when the center conduc-
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tor assumes the form of an ellipse arbitrarily located between

ground planes or placed above a single ground plane has been

carried out by the authors [4].

In the present work, the generalized conformal transformation

obtained for the conductor with an elliptic boundary is used for

the estimation of impedance data when the region between the

ground planes of the line is filled with two different dielectric

media. This analysis is based on the quasi-TEM-mode approxi-

mation and, hence, is valid at the lower frequency ranges only.

The conformal transformation transforms one half of the struc-

ture into a parallel-plate configuration in which the top and

bottom plates correspond, respectively, to the conductor with the

curved boundary and the ground planes, In this transformed

parallel-plate configuration, the dielectric interface appears in the

form of a curved contour. The characteristic impedance of this

composite parallel-plate structure is calculated by considering the

series parallel combinations of small incremental capacitances [1].

The expressions for these capacitances appear in the form of

integrals which are numerically evaluated using the adaptive

quadrature method [5].

The formulation is used for the computation of characteristic

impedances for the cases of a center conductor 1) placed exactly

above the dielectric interface, 2) placed such that one of the

principal axes is coplanar with the dielectric interface, and

3) fully embedded in the dielectric.

II. FO~LATION FOR THE CASE OF AN ELLIPSE

EMBEDDED IN MIXED DIELECTRICS BETWEEN GROUND

PLANES

Consider the configuration shown in Fig. l(a). The method of

transforming the half FABCDEF into a parallel-plate configura-

tion as shown in Fig. l(b) has already been developed by the

authors [4]. The transformation establishes the relation between

the points in the W-plane (Fig. l(b)) with those of the corre-

sponding points in the Z-plane (Fig. l(a)). The corresponding

loci in the two planes (Z and w planes) can also be determined.

The equations for the lines parallel and perpendicular to the two

ground planes in the W-plane are given by [6]

‘=-*[F’~’m’+F(sin-lElm)l‘1),
F(ylml)

+.l–
K’(m)

(2)

where m, n are constants, O < n < m <1, and where F and K

correspond, respectively, to incomplete and complete elliptic

integrals of the first kind with given argument and modulus. j3

and y are real arguments of the elliptic integrals. The elliptic

integral with complex argument @ can be expressed as

F(@lm) =F(q+iflm) =F(B[rn)*W(ylrnl)

sin b{-
t,= cosh ( sin q =

cos= y + m sin2 /3 sin2 y

Ycosflcosysiny l–msm /3

t,= cosh q sinh ~ =
cos2 y + m sin2 ~ sin2 y

t=tr+it, =sin@, ml=(l– m).

U. and VO shown in Fig. l(b) are given by

u =1+- F(sin-l-lm)
o

K(m)

~ = Km)
0 K(m) “

(3)

(4)
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Fig. 1. Conformal representation of a transmission line with an elliptic center

conductor between two infinite parallel planes filled with two-layered dielec-

tric media.

For any point P in the Z-plane, its transformation P’ is an

intersection of a particular combination of u‘ = constant and

v ‘ = constant lines. The variables /3 and y, which appear in (1)

and (2), are not obtained as an explicit function of variable Z.

On the other hand, the expression for Z is obtained as the

explicit function of the variables ~ and y. The transformation of

U’= constant and, hence, /3 = constant contour is in the form of a

curve in the Z-plane, Different points on the curve correspond to

different values of u’ and, hence, y. If a particular locus in the

Z-plane is specified, the transformed set of discrete points on the

locus lies on a u’= constant and, hence, a /3= constant contour.

It is, therefore, possible to start with a particular value of/3 and

vary y over the range O to + 7r/2 until the desired point on the

Z-plane is obtained using the expressions available in the litera-

ture [4]. From a knowledge of values of/3 and y, the transforma-

tion of a set of discrete points in the W-plane are obtained.

In the problem under investigation, it is necessary to find the

transformation of the dielectric interface shown in Fig. l(a) in the

W-plane (Fig. l(b)). Following the procedure mentioned above, it

is found that the dielectric interface appears in the form of a

curved contour C’GF as shown in Fig. l(b). When the lower most

and upper most points of the ellipse are on the dielectric inter-

face, point C’ in Fig. l(b) coincides with D and B, respectively.

On the other hand, if the dielectric interface coincides with the

principal axis, point C’ coincides with C, the location of which

again depends upon the offset of the center conductor. Since, the

dielectric media on the two sides of the line are assumed to be

different, the region to the left of the contour C’GF is filled with

one dielectric and the region to its right is filled with another.

The conformal mapping of the dielectric is valid because it

retains the angles of refraction at the interface. The capacitance

of the region C’UI FO’ can be estimated by approximating the

continuous curve C’GF by an infinitely large number of small

steps as shown in Fig. l(b). The capacitance AC, of the elemental

region a’/3’g’iS ‘v ‘q’a’ (Fig. l(b)) can then be calculated by consid-

ering it to be a series combination of two capacitrmces Ac. and

AC~ of the regions a’~’[’~’ and q’<’8 ‘v’, respectively.
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Fig. 2. The variation of the characteristic impedance of a Jine consisting of

an offset ellipse oriented with its major axis parallel to the ground planes as

a function of ~1/b with dielectric height as a parameter.

From Fig. l(b), the values of AC. and AC~ are found to be [3]

COCIdu’
Ac, = —

v’

where V. is tihe separation between the parallel plates of the

capacitor (Fig. l(b)). Using the relation I/ACi = l/ACa + l/ACb

(5)

The desired capacitance carI be obtained by considering point

UI as the foot of a perpendicular from point C’ on the line EF of

Fig. l(b). The total capacitance of the structure can be evaluated

by considering the parallel combination of the three capacitances

of the regions C’DEUl, C’UI FO’, and O’FAB of Fig. l(b).

The capacitance of the region C’DEUI is given by

(6)

From (5), the capacitance of the region C’UI FO’ is obtained as

where the function ~( u’) represents the curved line C’CF.
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Fig. 3. The variation of characteristic impedance of a line consisting of an

offset circular conductor between the ground planes as a function of r/b

with dielectric height as a parameter.

The capacitance of the region O’FAB is given by

~ = (2- UO)COC2
3

~“
(8)

The total capacitance per unit length of the structure is obtained

from the relation

CT=2(C1+C2+C3). (9)

The characteristic impedance of the structure is given by [3]

-z, =J(COA-) “Zo (lo)

where CO and Z. are, respectively, the capacitance and the

characteristic impedance of the structure with air as dielectric.

The expression for Z. is given by [6]

(11)

In order to evaluate the capacitance and the characteristic imped-

ance, it is essential to determine the function ~( u‘) corresponding

to a dielectric interface. Determination of ~( u’) as a function of

u’ involves use of (l)–(4) of the present paper and [4, eqs.

(2)-(5)], which describe the relation between complex variables Z

and tdeveloped by the authors [4]. Using this relation between Z

and t and (5)–(11) of the present paper, the variation of the

characteristic impedance as a function of r2 /b is calculated for

c1 = 2.55, C2 =1, and b/a = 0.2 for the following cases.
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Fig. 4. The vsriation of the characteristic impedsnce of a line consisting of

an offset elhpse oriented with its major axis perpendicular to the ground

planes ss a function of r2 /b with dielectric height as a parameter.

Case 1: The ellipse is so placed that its major axis is parallel to

the ground planes and

a) the dielectric interface is tangential to the ellipse at the

lowermost point of the minor axis,

b) the major axis coincides with the dielectric interface, and

c) the dielectric interface is tangential to the ellipse at the

topmost point of the minor axis.

The numericaf results on characteristic impedance for the

above configurations with k = rl /rz = 0.56 are presented in

Fig. 2.

Case 2: The circle is so placed on the dielectric that

d) the lowermost point is on the dielectric interface,

e) the diameter parallel to the ground planes coincides with

the dielectric interface, and

f,) the topmost point is on the dielectric interface.

The numerical results on the characteristic impedance for the

above configurations with k = rl /rz = 1 are presented in Fig. 3.

Case 3: The ellipse is so placed that its minor axis is parallel to

the ground planes and

g) the dielectric interface is tangentia3 to the ellipse at the

lowermost point of the major axis,

h) the tninor axis coincides with the dielectric interface, and

i) the dielectric interface is tangential to the ellipse at the

topmost point of the major axis.
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Fig. 5. Nonformal representation ofastmcture consisting of anelhpseabove

aground plane filledwith two dielectric media.

The numencaJ data on impedance for the above configurations

with k = rl /rt =1.9 are presented in Fig. 4.

III. FORMULATION FOR THE CASE OF AN ELLIPSE

EMBEDDED IN A MIXED DIELECTRIC MEDIA PLACED ABOVE

A GROUND PLANE

The relations between the points in the W-plane with the

corresponding points in the Z-plane when the top ground plane

of Fig. l(a) is moved to infinity have been developed by the

authors [4]. The resulting structure consists of an ellipse above a

ground plane as shown in Fig. 5(a). The transformed parallel-plate

configuration together with the transformed dielectric interface

(P3 P7P6) is shown in Fig. 5(b). The characteristic impedance for

this structure with mixed dielectric media is evaluated following

the method similar to that discussed in Section II. Since, in Fig.

5(b), UO, the distance of the lowermost point of the transformed

dielectric interface from the extremity P5, is equal to 2, the point

P6 coincides with the other extremity of the same conductor in

the parallel-plate configuration.

The total capacitance of the structure is therefore evaluated by

considering the parallel combination of the capacitances of the

regions P3P4 P5UI and Pz PIUI P3. The capacitance of the region

P3P4 P5UI is given by

(12)

The capacitance of the region PJJI PI P2 is obtained as

where the function fl (u’) represents the contour PI P7P3.

The total capacitance per unit length of the structure is given

by

C;=2(C; +C;). (14)

I 00 1 1 ! i 1 I [ I

t

160 -

< elz2.55 e~=l.o
:140 -

N :\
u
u

\,’\
\\

z
● 120 - ‘\,’\

E
\\

a
‘\ \

z
\ \\

‘\, \ k,
I 00 -

0 \ L,

G ‘x \
In \, \

$ 00 -
\\

\ i,

1- ‘\ \
v “\, \

~. ‘\
2 1. \
< 60 - \,\\\B
x
0 \,\\\

c “\,’
40 -

20

t

OL~
.1 .5 .6 .7 .8 .9 I

rzib----+

Fig. 6. The variation of characteristic impedance for the case of au ellipse

with major axis above and pamflel to the ground plnae as a function of r~,1b

with dielectric height as a parameter.

Using (10), (12)-(14), and [4, eqs. (16) and (17)] for tie confor-

mal transformation, the variation of the characteristic impedance

with rz /b for c1 = 2.55 and c1 = 1 is evaluated for the following

cases.

Case 1: The ellipse is so placed that its major axis is parallel to

the ground plane and

a) the dielectric interface is tangential to the ellipse at the

lowermost point of the minor axis, and

b) the major axis coincides with the dielectric interface.

The results (on characteristic impedance for the above cases

with k = rl /rz = 0.56 are presented in Fig. 6.

Case 2: Circular Conductor above a Ground Plane —The circle

is so placed on the dielectric that

c) the lowermost point is on the dielectric interface, and

d) the diameter parallel to the ground plane coincides with

the dielectric interface.

The results on the characteristic impedance for the above cases

with k=rl/r2=l, 1) Cl=fz=l and2) CI =2.55 and C2=1 are

presented in Fig. 7. The case A of Fig. 7 has a simple exact

formula [2]. The numerical results for the case where the circle is

exactly placed above the dielectric interface are compared with

those of Wheeler [2].

Case 3: The ellipse is so placed that its minor axis is parallel to

the ground plane and

e) the dielectric interface is tangential to the ellipse at the

lowermost point of the major axis, and

~ the minor axis coincides with the dielectric interface.

The impedance data for the above cases with k = rl/rz =1.9

are presented in Fig. 8.
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major am above and perpendicular to the ground plane as a function of

r~ /b with dielectric height as a parameter.

IV. DISCUSSIONS

The analysis presented in this paper is based on the quasi-

T13M-mode approximation. The results of the analysis are there-

fore valid for low frequencies onlv. Conformaf transformation

becomes ineffective to derive the characteristic impedance as the

frequency increases. Using the formulation based on the hybrid

mode analysis [7], the numerical results on the characteristic

impedance have been evaluated for a symmetric stripline with

substrate thickness equal to 1/16 in and stnpwidth to spacing

ratio of 1, the region between the strip and one of the ground

planes being filled with dielectric having c, = 4. The calculations

based on the formulation and data supplied in the literature [7]

reveal that the characteristic impedance changes from 63 L? to

approximately 59.5 Q as frequency changes from O to 10 GHz.

The results of Fig. 2, 3, and 4 indicate that the characteristic

impedance decreases monotonically with an increase in the major

axis of the elliptic center conductor for a fixed eccentricity.

Further, it is found that for an offset ratio of 0.2 and fixed rl /rz

ratio, the dielectric loading reduces the Impedance by an amount

rartging from 25 to 35 percent of its value for the corresponding

air-filled case as the height of the dielectric is varied from the

lower most point to the top most point of the elliptic center

conductor. The results presented in Figs. 2, 3, and 4 aJso reveal

that, as the orientation of the major axis of the ellipse is changed

from a horizontal to a verticaJ position, the characteristic imped-

ance of the line decreases. The fall in impedance for fixed

eccentricity y is sharper for the verticaf orientation of the major

axis. For the case of a circular conductor above a ground plane,

the results obtained by the present method show an excellent

agreement with those obtained by Wheeler [2] for C. =1. For

C. = 2.55, the maximum deviation between the results obtained

by the present method from those of Wheeler [2] is less than 3

percent. This can be attributed to the fact that Wheeler assumed

that the effective dielectric constant has a constant value of ~

for all values of r/b, which is equal to 1.59 when c,= 2.55. From

the results of the present analysis (Fig. 7), it is found that the

effective dielectric constant C,,ff varied from 1.68 to 1.58 as r/b

is changed from 0.1 to 0.4.

It is worthwhile to mention that the present analysis for the

case of an ellipse above a single ground plane reduces to a thin

strip above a ground plane when rl /rz ratio is equal to zero. This

exactly corresponds to the case studied by Joshi et al. [3], the

results of which are in excellent agreement with those of Wheeler

[8].
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